Rules for integrands of the form (a + bx + cx?)? (d +ex + fx?)9 (A+Bx + Cx?)

1. J(a+bx+cx2)p(d+ex+fx2)q (A+Bx+Cx2) dx when cd-af==0 Abd-ae=0

1: J(a+bx+cx2)p(d+ex+fx2)q (A+Bx+Cx?) dx whencd-af=0 Abd-ae=0 A (pez Vv %>0)

Derivation: Algebraic simplification
Basis:if cd-af=0Abd-ae=0A (pezV $>0),then (a+bx+cx?)?= ()7 (d+ex+Ffx?)°

Rule12.1.7.1.1:ff cd-af=0 Abd-ae=0 A (pez Vv £ >0),then

J(a+bx+cx2)p (d+ex+-Fx2)q (A+Bx+Cx2) dx — (E)pj(d+ex+fx2)p*q (A+Bx+Cx2) dx

Program code:

Int [ (a_+b_.*X_+C_.*Xx_"2)"p_.* (d_+e_. *x_+‘F_.*x_"2) AgQ_o*x (A_.+B_.*xX_+C_.*Xx_"2) ,x_Symbol] e
(c/F) ~p+Int[ (d+exx+Fxx 2)~ (p+q) * (A+Bxx+C*x 2) ,Xx]| /;

FreeQ[{a,b,c,d,e,f,A,B,C,p,q},x] && EqQ[cxd-a+f,0] & EqQ[bxd-axe,@] & (IntegerQ[p] || GtQ[c/f,0]) &&
(Not[IntegerQ[q]] || LeafCount[d+exx+f»x"2]sLeafCount[a+bxx+cx"2])

Int[(a_+b_.*X_+C_.#X_"2)"p_. (d_+e_.*x_+Ff_.*x_"2)"q_.% (A_.+C_.*x_"2) ,x_Symbol]| :=
(c/‘F) ApxInt [ (d+e*x+f*x"2) A (p+q) * (A+C%xx"2) ,x] Ve

FreeQ[{a,b,c,d,e,f,A,C,p,q},x] & EqQ[cxd-af,0] && EqQ[bxd-axe,0] & (IntegerQ[p] || GtQ[c/f,0]) &&
(Not[IntegerQ[q]] || LeafCount[d+exx+fxx"2]sLeafCount[a+bxx+cxx"2])



Rules for integrands of the form (a+b x+c x~2)"p (d+e x+f x"2)"q (A+B x+C x"2)

2: J(a+bx+cx2)p(d+ex+1:xz)':I (A+Bx+Cx*’)dx whencd-af=0 Abd-ae=0Ap¢Z AQEZ A ?}0

Derivation: Piecewise constant extraction
Basis:If cd-af-==0 Abd-ae = e,thenaxi(%géze

1 FracPart
<a+bx+cx2)p almtPartipl (a+b x+c x?) P

<d+ex+fx2>P == dmt%rqp;<d+eX+fX2)Hawam[m

Basis:If cd-af =0 A bd-ae = 0,then

Rule1.2.1.7.12:if cd-af=0 Abd-ae=0 Ap¢Z Aqe¢Z A {*0,then

aIntPar‘t[p] (a +bx+cC Xz) FracPart[p]

J(a+bx+cx2)p (d+ex+-|:x2)q (A+Bx+Cx2) dx — (d+ex+1:x2)erq (A+Bx+Cx2) dx

dIntPart[p] (d rex+f XZ) FracPart[p]

Program code:

Int[(a_+b_.*Xx_+C_.#X_"2)"p_.(d_+e_.*x_+Ff_.#X_"2)"q_.» (A_.+B_.*x_+C_.*Xx_"2),x_Symbol] :=
a~IntPart[p]« (a+bxx+cxx"2) ~FracPart[p]/(d IntPart[p] (d+exx+f+x 2)AFracPart [p]) +Int[ (d+exx+fxx"2)~ (p+q) * (A+Bxx+C+x"2),x]| /;
FreeQ[{a,b,c,d,e,f,A,B,C,p,q},x| && EqQ[c+d-a+f,0] & EqQ[bxd-axe,@] & Not[IntegerQ[p]] && Not[IntegerQ[q]] && Not[GtQ[c/f,0]]

Int [ (a_+b_.*X_+C_.*X_"2)"p_.* (d_+e_.*x_+f_.*x_"2) Aq_.*x (A_.+C_.%xx_"2) ,x_Symbol] =
arIntPart[p]+ (a+bxx+cxx"2) ~FracPart[p] /(d*IntPart [p] « (d+exx+fxx"2) AFracPart[p]) +Int[ (d+exx+f+x"2) (p+q) * (A+Cxx2) ,X] /;
FreeQ[{a,b,c,d,e,f,A,C,p,q},x] & EqQ[cxd-a+f,0] && EqQ[bxd-axe,0] & Not[IntegerQ[p]] & Not[IntegerQ[q]] & Not[GtQ[c/f,0]]



Rules for integrands of the form (a+b x+c x~2)"p (d+e x+f x"2)"q (A+B x+C x"2)

2: J(a+bx+cx2)p (d+ex+1:x2)q (A+Bx+Cx2) dx whenb?-4ac=0

Derivation: Piecewise constant extraction
. 2 B a+bx+cx?)?
Basis: If b* -4 a c == 9, then Oy b2z O

(a+b X+C xz)p - (a+b X+C X2>FracPal"tip]

(b+2 ¢ x) 2p T (4 c) IntPart[p] (b+2 ¢ X) 2 FracPart[p]

Rule1.2.1.7.2: If b2 - 4 a c == 9, then

Basis: If b2 - 4 a c == 9, then

FracP
(a +bx+ cxz) racpart [p]

J(a+bx+cx2)p (dvex+fx*)? (A+Bx+Cx?) dx — (b+2cx)?P (d+rex+fx*)7 (A+Bx+Cx?) dx

(4 c)IntPart(pl (b, 2 ¢ x)2FracPart(p]

Program code:

Int [ (a_+b_.*X_+C_.*X_"2)"p_.* (d_. +e_.*x_+f_.*x_"2) AgQ_.*x (A_.+B_.xX_+C_.*Xx_"2) ,x_Symbol] 9=
(a+bxx+c*x2) "FracPart [p] / ( (4xc) ~IntPart [p] » (b+2xc#X) " (2xFracPart[p])) «+Int [ (b+2xCxX) ~ (2+p) * (d+exx+Fxx"2) qx (A+Bxx+Cxx"2) ,x] /;
FreeQ[{a,b,c,d,e,f,A,B,C,p,q},x] & EqQ[b"2-4+axc,O]

Int[(a_+b_.*X_+C_.#X_"2)"p_.(d_.+e_.#x_+f_.*x_"2)"q_.# (A_.+C_.*Xx_"2),x_Symbol] :=
(a+bxx+cxx~2) ~FracPart[p]/ ( (4xc) "IntPart[p] * (b+2xcxXx) " (2xFracPart[p])) *Int [ (b+2xCxX) " (2%p) * (d+e*x+f*x"2)"q* (A+C%xx"2) ,x] /3
FreeQ[{a,b,c,d,e,f,A,C,p,q},x]| && EqQ[b"2-4xaxc,0]

Int [ (a_+b_.*X_+C_.*¥X_"2)"p_.* (d_. +f_. *X_"2) AQ_.* (A_.+B_.%xX_+C_.*Xx_"2) ,x_Symbol] =
(a+bxx+c*x2) "FracPart [p] / ( (4xc) ~IntPart [p] x (b+2#c#X)~ (2xFracPart[p])) +Int[ (b+2xcxX) ~ (2+p) * (d+F*x"2) ~q# (A+Bxx+Cxx"2) ,x]| /;
FreeQ[{a,b,c,d,,A,B,C,p,q},x] && EqQ[b"2-4xaxc,0]

Int[(a_+b_.*X_+C_.#X_"2)"p_. (d_.+f_.*x_"2)~q_.* (A_.+C_.*x_"2) ,x_Symbol] :=
(a+bsx+c*x*2) "FracPart [p] / ( (4xc) ~IntPart[p] » (b+2xcxX) ~ (2xFracPart[p])) «Int [ (b+2xcxx) " (2#p) * (d+Fxx"2) *qx (A+C*x"2) ,x] /;
FreeQ[{a,b,c,d,f,A,C,p,q},x] && EqQ[b*2-4xaxc,0]



Rules for integrands of the form (a+b x+c x~2)"p (d+e x+f x"2)"q (A+B x+C x"2)

4. J(a+bx+cx2)p(d+ex+fx2)q (A+Bx+Cx?) dx whenb? -4ac#0 A e’-4df#8 A p<-1

1: J(a+bx+cx2)p(d+ex+fx2)q (A+Bx+Cx2) dx whenb?-4ac#0 A e?-4df#0 Ap<-1Aq>0

Derivation: Nondegenerate biquadratic recurrence 1

Rule1.2.1.7.4.1:1f b2-4ac+0 A e’ -4df+0 Ap<-1Aqg>0,then

a+bx+cx d+ex+fx A+Bx+Cx°)dx —
2\ p 2\q 2

1

(Abc-2aBc+abC- (c (bB-2Ac) -C (b*-2ac)) x) (a+bx+cx2)'°+1 (d+rex+fx?)%-
c(b®’-4ac) (p+1)

1

J(a+bx+cx2)p+1 (d+ex+fx2)q'1-
c (b*-4ac) (p+1)

(eq(Abc—2ch+abC)—d(c(bB—ZAc)(2p+3)+C(2ac—b2(p+2”)+
(2fq(Abc-2aBc+abC) -e (c (bB-2Ac) (2p+q+3) +C(2ac(q+1) -b* (p+q+2)))) x-
f(c(bB-2Ac) (2p+2q+3) +C(2ac(2q+1) -b? (p+2q+2))) x*) dx

Program code:

Int[(a_+b_.*Xx_+C_.#x_"2)"p_* (d_+e_.*x_+f_.*x_"2)"q_* (A_.+B_.*Xx_+C_.*X_"2),x_Symbol] :=
(A*b*c-z*a*B*c+a*b*C—(c*(b*B—Z*A*c)—C*(bAZ—Z*a*c))*x)*(a+b*x+c*xA2)A(p+1)*(d+e*x+f*xA2)Aq/(c*(bA2—4*a*c)*(p+1)) -
1/ (c* (b”2-4xaxc) * (p+1) ) *

Int[(a+b*x+c*xA2)A(p+1)*(d+e*x+f*xA2)A(q—1)*
Simp[e*q*(A*b*c—Z*a*B*c+a*b*C)—d*(C*(b*B—Z*A*c)*(2*p+3)+C*(2*a*c—b“2*(p+2)))+
(z*f*q*(A*b*c—z*a*B*c+a*b*C)—e*(c*(b*B—Z*A*c)*(2*p+q+3)+C*(2*a*c*(q+1)—bAz*(p+q+2))))*x—
f*(c*(b*B—z*A*c)*(2*p+2*q+3)+C*(2*a*c*(2*q+1)—bAZ*(p+2*q+2)))*xA2,x],x] /8
FreeQ[{a,b,c,d,e,f,A,B,C},x]| && NeQ[b*2-4xaxc,0] 8& NeQ[e”2-4xdxf,0]| && LtQ[p,-1] & GtQ[q,0] && Not[IGtQ[q,0]]



Rules for integrands of the form (a+b x+c x~2)"p (d+e x+f x"2)"q (A+B x+C x"2)

Int[ (a_+b_.*X_+C_.*x_"2)"p_ (d_+e_.#x_+f_.*x_"2)"q_x (A_.+C_.*x_"2),x_Symbol] :=
(A*b*c+a*b*C+(2*A*cA2+C*(bA2—2*a*c))*x)*(a+b*x+c*xA2)A(p+1)*(d+e*x+f*xA2)Aq/(c*(b“2—4*a*c)*(p+1)) -
1/ (c* (b”2-4xaxc) x (p+1) ) *
Int[ (a+bxx+C#x"2) A (p+1) » (d+exx+Fxx"2) " (q-1)
Simp[A*c*(Z*c*d*(2*p+3)+b*e*q)—C*(Z*a*c*d—bAZ*d*(p+2)—a*b*e*q)+
(C*(Z*a*b*f*q—z*a*c*e*(q+1)+b“2*e*(p+q+2))+2*A*c*(b*f*q+c*e*(2*p+q+3)))*x—
Fx (—24A*C 2% (2%P+2xq+3) +Cx (24a%CH (24q+1) -b 2x (p+24q+2) ) ) #x"2,X] ,x] /;
FreeQ[{a,b,c,d,e,f,A,C},x] & NeQ[b*2-4xaxc,0] & NeQ[e~2-4xd+f,0] && LtQ[p,-1] & GtQ[q,0] && Not[IGtQ[q,0]]

Int[(a_+c_.*x_A2)Ap_*(d_+e_.*x_+f_.*x_A2)Aq_*(A_.+B_.*x_+c_.*x_A2),x_Symbol] =
(a*B—(A*c—a*C)*x)*(a+c*xA2)A(p+1)*(d+e*x+f*xA2)Aq/(2*a*c*(p+1)) -
2/ ((-4%axc) * (p+1l)) *
Int[ (a+c*x2) " (p+1) * (d+exx+F*x"2) " (q-1) »
Simp[A*c*d*(2*p+3)—a*(C*d+B*e*q)+(A*c*e*(2*p+q+3)—a*(Z*B*f*q+C*e*(q+1)))*x-f*(a*C*(Z*q+1)-A*C*(Z*p+2*q+3))*xA2,x],x] /3
FreeQ[{a,c,d,e,f,A,B,C},x] && NeQ[e~2-4xdxf,0] & LtQ[p,-1] & GtQ[q,0] && Not[IGtQ[q,0]]

Int[ (a_+C_.*x_"2)"p_» (d_+e_.*x_+F_.*x_"2)"q_* (A_.+C_.*x_"2),x_Symbol] :=
—(A*c—a*C)*x*(a+c*xA2)A(p+1)*(d+e*x+f*xA2)Aq/(2*a*c*(p+1)) +
2/ (4xaxC* (p+l) ) *
Int[ (a+C*x2) " (p+1) * (d+exx+F*x"2)~ (q-1) »
Simp[A*c*d*(2*p+3)—a*c*d+(A*c*e*(2*p+q+3)—a*c*e*(q+1))*x—f*(a*c*(z*q+1)—A*c*(z*p+2*q+3))*xAZ,x],x] /5
FreeQ[{a,c,d,e,f,A,C},x] & NeQ[e"2-4xdxf,0] & LtQ[p,-1] && GtQ[q,0] & Not[IGtQ[q,O]]

Int[(a_+b_.*x_+c_.*x_“2)“p_*(d_+f_.*x_“2)“q_*(A_.+B_.*x_+C_.*x_“2),x_Symbol] 2=
(A*b*c-Z*a*B*c+a*b*C—(C*(b*B—Z*A*c)—C*(bAZ—Z*a*c))*x)*(a+b*x+C*xA2)A(p+1)*(d+f*x“2)“q/(C*(b“2-4*a*c)*(p+1)) -
1/ (c* (b”2-4xaxc) x (p+1) ) *

Int[(a+b*x+c*xA2)A(p+1)*(d+f*xA2)A(q—1)*
Simp[—d*(c*(b*B—Z*A*c)*(2*p+3)+C*(2*a*c—b“2*(p+2)))+
(2*f*q*(A*b*c—Z*a*B*c+a*b*C))*X—
f*(c*(b*B—Z*A*c)*(Z*p+2*q+3)+C*(2*a*c*(2*q+1)—bA2*(p+2*q+2)))*xAZ,x],x] /3
FreeQ[{a,b,c,d,f,A,B,C},x] & NeQ[b*2-4xaxc,0] & LtQ[p,-1] & GtQ[q,0] && Not[IGtQ[q,0]]



Rules for integrands of the form (a+b x+c x~2)"p (d+e x+f x"2)"q (A+B x+C x"2)

Int[ (a_+b_.*X_+C_.*x_"2)"p_ (d_+f_.*x_"2)~q_x (A_.+C_.*x_"2),x_Symbol] :=
(Axbxc+axbxC+ (2xA*xC"2+Cx (b"2-2%xa%C) ) *X) * (a+bx*X+C*¥Xx*2) ~ (p+1) * (d+'F*x"2) "q/(c* (b*2-4xaxc) * (p+1)) -
1/ (c* (b”2-4xaxc) x (p+1) ) *
Int[ (a+bxx+C#x"2) A (p+1) » (d+F*x"2) " (q-1) *
Simp [A*C* (2%Cc*d* (2xp+3) ) -C» (2*xaxcxd-b 2xd* (p+2) ) +
(C* (Z*a*b*f*q) +2%A%xC* (b*f*q) ) *X—
Fx (—24A*C 2% (2%P+2xq+3) +Cx (24a%CH (24q+1) -b 2x (p+24q+2) ) ) #x"2,X] ,x] /;
FreeQ[{a,b,c,d,f,A,C},x] & NeQ[b"2-4+axc,0] & LtQ[p,-1] && GtQ[q,0] & Not[IGtQ[q,O]]



Rules for integrands of the form (a+b x+c x~2)"p (d+e x+f x"2)"q (A+B x+C x"2)

2: j(a+bx+cx2)”(d+ex+fx2)q (A+Bx+Cx?) dx whenb?-4ac#0 Ae’-4df#0 Ap<-1AQq30A (cd—af)z-(bd-ae) (ce-bf) z0

Derivation: Nondegenerate biquadratic recurrence 3
Rule1.2.1.7.4.2:1f b2-4ac+0 AN e’-4df+0Ap<-1AQq*r0O A (cd-af)?-(bd-ae) (ce-bf) #0,
then

a+bx+cx d+ex+fXx A+Bx+Cx°) dx —
2\ p 2\q 2

(a+bx+cx2)"”':L (d+ex+-Fx2)q+1

(b?-4ac) ((cd—af)z— (bd-ae) (ce-bf)) (p+1)
((Ac-ac) (2ace-b(cd+af)) + (Ab-aB) (2c®?d+b*f-c (be+2af)) +
c(A(2c?d+b*f-c(be+2af))-B(bcd-2ace+abf)+C(b’d-abe-2a(cd-af)))x) +
! J\(a+bx+cx2)""1 (d+rex+fx?)%.
(b>-4ac) ((cd—af)z-(bd—ae) (ce-bf)) (p+1)
((bB-2Ac-2ac() ((cd—a-F)z— (bd-ae) (ce-bf)) (p+1) +
(b2 (cd+Af) -b (Bcd+Ace+aCe+aBf) +2 (Ac(cd-af)-a(cCd-Bce-aCf))) (af(p+1) -cd(p+2)) -
e((Ac-acC) (2ace-b(cd+af)) + (Ab-aB) (2c?d+b’>f-c (be+2af))) (p+q+2) -
(2f ((Ac-acC) (2ace-b(cd+af)) + (Ab-aB) (2c*d+b’f-c (be+2af))) (p+q+2) -
(b2 (cd+Af) -b(Bcd+Ace+aCe+aBf)+2 (Ac(cd-af)-a(cCd-Bce-aCf))) (bf(p+1)-ce(2p+q+4))) x-
cf (b* (Cd+Af)-b(Bcd+Ace+aCe+aBf)+2 (Ac(cd-af)-a(cCd-Bce-acCf))) (2p+2q+5) x*) dx

Program code:



Rules for integrands of the form (a+b x+c x~2)"p (d+e x+f x"2)"q (A+B x+C x"2)

Int[ (a_+b_.*X_+C_.#x_"2)"p_ (d_+e_.#x_+f_.*Xx_"2)"q_» (A_.+B_.*x_+C_.*Xx_"2),x_Symbol] :=
(a+b*x+c*xA2)A(p+1)*(d+e*x+f*xA2)A(q+1)/((b“2—4*a*c)*((c*d—a*f)Az—(b*d—a*e)*(c*e—b*f))*(p+1))*
((A*c—a*C)*(Z*a*C*e—b*(C*d+a*f))+(A*b-a*B)*(2*c“2*d+b“2*f-C*(b*e+2*a*f))+
c*(A*(z*cAZ*d+bA2*f—c*(b*e+2*a*f))—B*(b*c*d—z*a*c*e+a*b*f)+C*(b“2*d—a*b*e—2*a*(c*d-a*f)))*x) +
1/((bA2—4*a*c)*((c*d—a*f)AZ—(b*d—a*e)*(c*e—b*f))*(p+1))*
Int[ (a+bxx+C#x"2) ~ (p+1) » (d+exx+Fxx"2) Aqx
Simp[(b*B—Z*A*c—Z*a*C)*((C*d—a*f)AZ—(b*d-a*e)*(c*e—b*f))*(p+1)+
(bAZ*(C*d+A*f)—b*(B*c*d+A*c*e+a*C*e+a*B*f)+2*(A*c*(c*d—a*f)—a*(c*c*d—B*c*e—a*C*f)))*(a*f*(p+1)—c*d*(p+2))—
e*((A*c—a*C)*(Z*a*c*e—b*(c*d+a*f))+(A*b—a*B)*(Z*CAZ*d+bA2*f—c*(b*e+2*a*f)))*(p+q+2)—
(2*f*((A*c—a*C)*(Z*a*C*e—b*(C*d+a*f))+(A*b—a*B)*(2*c“2*d+b“2*f—C*(b*e+2*a*f)))*(p+q+2)—
(bAZ*(C*d+A*f)-b*(B*c*d+A*c*e+a*C*e+a*B*f)+2*(A*c*(c*d—a*f)—a*(c*C*d—B*c*e—a*C*f)))*
(b*f*(p+1)—C*e*(Z*p+q+4)))*x—
C*f*(bAZ*(C*d+A*f)-b*(B*C*d+A*C*e+a*C*e+a*B*f)+2*(A*C*(C*d—a*f)-a*(C*C*d—B*C*e—a*C*f)))*(2*p+2*q+5)*x“2,x],x]/;
FreeQ[{a,b,c,d,e,f,A,B,C,q},x]| & NeQ[b"2-4xaxc,0] && NeQ[e"2-4xdxf,0] && LtQ[p,-1] &&
NeQ[ (cxd-a#f)~2- (bxd-axe) » (cxe-bxf),0] & Not[Not[IntegerQ[p]] & ILtQ[q,-1]] & Not[IGtQ[q,0]]

Int[ (a_+b_.*X_+C_.*x_"2)"p_» (d_+e_.*x_+F_.*x_"2)"q_* (A_.+C_.*x_"2),x_Symbol] :=
(a+b*x+c*xA2)A(p+1)*(d+e*x+f*xA2)A(q+1)/((b“2—4*a*c)*((c*d—a*f)AZ—(b*d—a*e)*(c*e—b*f))*(p+1))*
((A*c—a*C)*(Z*a*C*e—b*(C*d+a*f))+(A*b)*(2*c“2*d+b“2*f—C*(b*e+2*a*f))+
c*(A*(Z*cAz*d+bA2*f—c*(b*e+2*a*f))+C*(bAZ*d—a*b*e—Z*a*(c*d—a*f)))*x) +
1/((b“2—4*a*c)*((c*d—a*f)AZ—(b*d—a*e)*(c*e—b*f))*(p+1))*
Int[(a+b*x+C*xA2)A(p+1)*(d+e*x+f*xA2)Aq*
Simp[(-2*A*c—2*a*C)*((c*d—a*f)AZ—(b*d—a*e)*(c*e—b*f))*(p+1)+
(bAZ*(C*d+A*f)—b*(+A*c*e+a*c*e)+2*(A*c*(c*d—a*f)—a*(c*c*d—a*c*f)))*(a*f*(p+1)—c*d*(p+2))—
e*((A*c—a*C)*(Z*a*c*e—b*(c*d+a*f))+(A*b)*(2*cA2*d+bA2*f—c*(b*e+2*a*f)))*(p+q+2)—
(2*f*((A*c—a*C)*(Z*a*C*e—b*(C*d+a*f))+(A*b)*(2*c“2*d+b“2*f—C*(b*e+2*a*f)))*(p+q+2)—
(bAz*(C*d+A*f)—b*(A*c*e+a*C*e)+2*(A*c*(c*d—a*f)—a*(c*c*d—a*c*f)))*
(b*f*(p+1)—C*e*(Z*p+q+4)))*x—
C*f*(bAZ*(C*d+A*f)-b*(A*C*e+a*C*e)+2*(A*C*(C*d—a*f)-a*(C*C*d-a*C*f)))*(2*p+2*q+5)*xAz,x],x]/;
FreeQ[{a,b,c,d,e,f,A,C,q},x]| && NeQ[b"2-4xaxc,0] && NeQ[e"2-4xdxf,0] && LtQ[p,-1] &&
NeQ[ (cxd-a+f)~2- (bxd-axe) » (cxe-bxf),8] & Not[Not[IntegerQ[p]] && ILtQ[q,-1]] & Not[IGtQ[q,O]]
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Int[(a_+C_.*x_"2)"p_x(d_+e_.*x_+f_.#x_"2)~q_* (A_.+B_.*x_+C_.*x_"2),x_Symbol] :=
(a+c*xA2)A(p+1)*(d+e*x+f*xA2)A(q+1)/((—4*a*c)*(a*c*eA2+(c*d—a*f)ﬂz)*(p+1))*
((A*c—a*C)*(Z*a*C*e)+(-a*B)*(2*c“2*d—C*(2*a*f))+
c*(A*(z*cAZ*d—c*(z*a*f))—B*(—z*a*c*e)+C*(—2*a*(c*d—a*f)))*x) +
1/((—4*a*c)*(a*c*eA2+(c*d—a*f)Az)*(p+1))*
Int[ (a+C*x2) " (p+1) * (d+exx+F*x"2) ~q*
Simp[(-2*A*c—2*a*C)*((c*d—a*f)AZ—(—a*e)*(c*e))*(p+1)+
(2*(A*C*(C*d—a*f)—a*(C*C*d—B*C*e—a*C*f)))*(a*f*(p+1)—C*d*(p+2))—
ex ((AxC-a%C) * (2#axCxe) + (-a*B) (24 2xd-Cx (+2%axf) ) ) » (p+q+2) -
(2*f*((A*c—a*C)*(Z*a*C*e)+(—a*B)*(2*cA2*d+-c*(+2*a*f)))*(p+q+2)-
(2*(A*C*(C*d—a*f)—a*(C*C*d—B*C*e—a*C*f)))*
(—c*e*(z*p+q+4)))*x—
C*f*(Z*(A*C*(C*d—a*f)—a*(C*C*d—B*C*e—a*C*f)))*(2*p+2*q+5)*x“2,x],x]/;
FreeQ[{a,c,d,e,f,A,B,C,q},x| && NeQ[e”2-4xd+f,0] && LtQ[p,-1] & NeQ[axcxe"2+(cxd-axf)~2,0] && Not[Not[IntegerQ[p]] & ILtQ[q,-1]] && Not[IGtQ[

Int[(a_+C_.*x_"2)"p_x(d_+e_.*x_+f_.*x_"2)~q_x (A_.+C_.*X_"2),x_Symbol] :=
(a+c*xA2)A(p+1)*(d+e*x+f*xA2)A(q+1)/((—4*a*c)*(a*c*eA2+(c*d—a*f)AZ)*(p+1))*
((A*c—a*C)*(Z*a*c*e)+c*(A*(Z*cAz*d—c*(Z*a*f))+C*(—2*a*(c*d—a*f)))*x) +
1/((—4*a*c)*(a*C*eA2+(C*d—a*f)AZ)*(p+1))*
Int[(a+c*xA2)A(p+1)*(d+e*x+f*xA2)Aq*
Simp[(—2*A*c—2*a*C)*((c*d—a*f)AZ—(—a*e)*(c*e))*(p+1)+
(2*(A*C*(C*d—a*f)-a*(C*C*d-a*C*f)))*(a*f*(p+1)—C*d*(p+2))—
ex ((Axc-a*C) » (2xaxc*e) ) » (p+q+2) -
(2*f*((A*c—a*C)*(Z*a*c*e))*(p+q+2)—(2*(A*c*(c*d-a*f)—a*(c*c*d—a*c*f)))*(—c*e*(z*p+q+4)))*x—
c*f*(Z*(A*c*(c*d—a*f)—a*(c*C*d—a*C*f)))*(2*p+2*q+5)*x“2,x],x]/;
FreeQ[{a,c,d,e,f,A,C,q},x| & NeQ[e~2-4xd+f,0] && LtQ[p,-1] & NeQ[axcxe”2+(cxd-axf)~2,0] & Not[Not[IntegerQ[p]] && ILtQ[q,-1]] & Not[IGtQ[gq,
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Int[ (a_+b_.*X_+C_.*x_"2)"p_ (d_+f_.#x_"2)~q_* (A_.+B_.*x_+C_.*x_"2),x_Symbol] :=
(a+b*x+c*xA2)A(p+1)*(d+f*xA2)A(q+1)/((b“2—4*a*c)*(bAz*d*f+(c*d—a*f)Az)*(p+1))*
((A*c—a*C)*(—b*(C*d+a*f))+(A*b—a*B)*(2*c“2*d+b“2*f-C*(2*a*f))+
c*(A*(z*cAZ*d+bA2*f—c*(Z*a*f))—B*(b*c*d+a*b*f)+c*(bAZ*d—z*a*(c*d—a*f)))*x) +
1/((bA2—4*a*c)*(bAZ*d*f+(c*d—a*f)Az)*(p+1))*
Int[ (a+b*x+C*Xx"2) ~ (p+1)  (d+F*x"2) ~q«

Simp[(b*B—Z*A*c—Z*a*C)*((C*d—a*f)AZ—(b*d)*(—b*f))*(p+1)+
(bAZ*(C*d+A*f)—b*(B*c*d+a*B*f)+2*(A*c*(c*d—a*f)—a*(c*c*d—a*c*f)))*(a*f*(p+1)—c*d*(p+2))—
(2*f*((A*c—a*C)*(—b*(c*d+a*f))+(A*b—a*B)*(2*c“2*d+b“2*f—c*(2*a*f)))*(p+q+2)—

(bAZ*(C*d+A*f)—b*(B*C*d+a*B*f)+2*(A*C*(C*d—a*f)—a*(C*C*d—a*C*f)))*
(b*f*(p+1)))*x—
c*f*(b“Z*(C*d+A*f)—b*(B*c*d+a*B*f)+2*(A*c*(c*d—a*f)—a*(C*C*d—a*C*f)))*(2*p+2*q+5)*x“2,x],x]/;
FreeQ[{a,b,c,d,f,A,B,C,q},x| && NeQ[b*2-4xaxc,0] 8&& LtQ[p,-1] & NeQ[b 2xd+f+(cxd-axf)~2,0] & Not[Not[IntegerQ[p]] && ILtQ[q,-1]] & Not[IGtQ[

Int[ (a_+b_.*X_+C_.*x_"2)"p_* (d_+f_.*x_"2)~q_x (A_.+C_.*X_"2),x_Symbol] :=
(a+b*x+c*xA2)A(p+1)*(d+f*xA2)A(q+1)/((b“2—4*a*c)*(bAz*d*f+(c*d—a*f)Az)*(p+1))*
((A*c—a*C)*(—b*(c*d+a*f))+(A*b)*(2*cA2*d+bA2*f—c*(2*a*f))+
c*(A*(2*c“2*d+b“2*f—c*(Z*a*f))+C*(b“2*d—2*a*(c*d—a*f)))*x) +
1/((bA2—4*a*c)*(bA2*d*f+(C*d-a*f)AZ)*(p+1))*
Int[(a+b*x+c*xA2)A(p+1)*(d+f*xA2)Aq*
Simp[(—2*A*c—2*a*C)*((c*d—a*f)“Z—(b*d)*(—b*f))*(p+1)+
(bAZ*(C*d+A*f)+2*(A*C*(C*d—a*f)—a*(C*C*d—a*C*f)))*(a*f*(p+1)-c*d*(p+2))-
(2*f*((A*C—a*C)*(-b*(C*d+a*f))+(A*b)*(2*c“2*d+b“2*f-C*(2*a*f)))*(p+q+2)—
(bAZ*(C*d+A*f)+2*(A*C*(C*d—a*f)—a*(C*C*d—a*C*f)))*
(b*f*(p+1)))*x—
C*f*(bAz*(C*d+A*f)+2*(A*c*(c*d-a*f)-a*(c*c*d-a*C*f)))*(2*p+2*q+5)*x“2,x],x]/;
FreeQ[{a,b,c,d,f,A,C,q},x] & NeQ[b*2-4xaxc,0] & LtQ[p,-1] & NeQ[b"2+d+f+(cxd-axf)~2,0] & Not[Not[IntegerQ[p]] && ILtQ[q,-1]] & Not[IGtQ[dq,

5: J.(a+bx+cxz)p (d+ex+fx*)? (A+Bx+Cx*) dx whenb?>-4ac#0 A e*-4df#0 Ap>O Ap+q+1#0 A2p+2q+3+#80

Derivation: Nondegenerate biquadratic recurrence 2

Rule1.2.1.75:1f b2-4ac+0 A e?-4df+@0 Ap>0Ap+q+1+0 A2p+2qg+3+0,then
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J(a+bx+cxz)p (d+ex+1=x2)CI (A+Bx+Cx2) dx —

(((Bcf(2p+2q+3)+C(bfp-ce (2p+q+2)) +2cCFf (p+q+1) x) (a+bx+cx2)p(d+ex+1‘=x2)q+1)/(2cf2 (p+q+1) (2p+2q+3))) -

! J‘(a+bx+cx2)p'1 (d+ex+-Fx2)q~

2cf2 (p+q+1) (2p+2q+3)
(p(bd-ae) (C(ce-bf) (q+1) -c (Ce-Bf) (2p+2q+3)) + (p+q+1) (b’Cdfp+ac(C(2df-e* (2p+q+2)) +f (Be-2Af) (2p+2q+3))) +
(2p(cd-af) (C(ce-bf) (q+1) -c (Ce-Bf) (2p+2q+3)) +
(p+q+1) (Cefp (b*-4ac)-bc(C(e*-4df) (2p+q+2) +f (2Cd-Be+2Af) (2p+2q+3)))) x+
(p(ce-bf) (C(ce-bf) (q+1) -c (Ce-Bf) (2p+2q+3)) + (p+q+1)
(cfp (b®-4ac)-c?(c(e*-4df) (2p+q+2) +f (2Cd-Be+2Af) (2p+2q+3)))) x?) dx

Program code:

Int[(a_+b_.*x_+c_.*x_A2)Ap_*(d_+e_.*x_+f_.*x_A2)Aq_*(A_.+B_.*x_+c_.*x_A2),x_Symbol] A=
(B*c*f*(z*p+2*q+3)+c*(b*f*p-c*e*(z*p+q+2))+2*c*C*f*(p+q+1)*x)*(a+b*x+c*xA2)Ap*
(d+e*x+f*xA2)A(q+1)/(2*c*fA2*(p+q+1)*(2*p+2*q+3)) -
(1/(2*C*f“2*(p+q+1)*(2*p+2*q+3)))*
Int[ (a+bxx+C#x"2) ~ (p-1) » (d+exx+F#x"2) Aqx
Simp[p*(b*d-a*e)*(C*(C*e—b*f)*(q+1)—C*(C*e—B*f)*(Z*p+2*q+3))+
(p+q+1)*(bAZ*C*d*f*p+a*c*(C*(Z*d*f—eAZ*(Z*p+q+2))+f*(B*e—2*A*f)*(2*p+2*q+3)))+
(Z*p*(c*d—a*f)*(C*(c*e—b*f)*(q+1)—c*(C*e—B*f)*(Z*p+2*q+3))+
(p+q+1)*(C*e*f*p*(b“2—4*a*c)—b*C*(C*(e“2—4*d*f)*(2*p+q+2)+f*(2*C*d—B*e+2*A*f)*(2*p+2*q+3))))*X+
(p*(C*e—b*f)*(C*(C*e—b*f)*(q+1)—C*(C*e—B*f)*(Z*p+2*q+3))+
(p+q+1)*(C*fﬂz*p*(b“2—4*a*c)—cAZ*(C*(eA2—4*d*f)*(2*p+q+2)+f*(Z*C*d—B*e+2*A*f)*(2*p+2*q+3))))*xA2,x],x] /3
FreeQ[{a,b,c,d,e,f,A,B,C,q},x]| & NeQ[b"2-4xaxc,0] && NeQ[e"2-4xdf,0] && GtQ[p,0] & NeQ[p+q+1,0] & NeQ[2xp+2#q+3,0] & Not[IGtQ[p,0]] && Not

Int[ (a_+b_.*X_+C_.*X_"2)"p_* (d_+e_.#x_+f_.*x_"2)"q_x (A_.+C_.*x_"2) ,x_Symbol] :=
(C*(b*f*p—c*e*(z*p+q+2))+2*c*C*f*(p+q+1)*x)*(a+b*x+c*xA2)Ap*
(d+e*x+f*x“2)A(q+1)/(2*c*fA2*(p+q+1)*(2*p+2*q+3)) -
(1/(2*C*f“2*(p+q+1)*(2*p+2*q+3)))*
Int[ (a+bxx+C#x"2) A (p-1) » (d+exx+Fxx"2) Aqx
Simp[p*(b*d—a*e)*(c*(c*e—b*f)*(q+1)—c*(C*e)*(Z*p+2*q+3))+
(p+q+1)*(bAZ*C*d*f*p+a*c*(C*(Z*d*f—eAz*(z*p+q+2))+f*(—2*A*f)*(2*p+2*q+3)))+
(Z*p*(C*d—a*f)*(C*(C*e—b*f)*(q+1)—C*(C*e)*(Z*p+2*q+3))+
(p+q+1)*(C*e*f*p*(bA2—4*a*c)—b*c*(C*(eA2—4*d*f)*(2*p+q+2)+f*(2*c*d+2*A*f)*(2*p+2*q+3))))*x+
(p*(c*e—b*f)*(C*(c*e—b*f)*(q+1)—C*(C*e)*(2*p+2*q+3))+
(p+q+1)*(C*fAz*p*(bA2—4*a*c)—cAZ*(C*(e“2—4*d*f)*(2*p+q+2)+f*(2*C*d+2*A*f)*(2*p+2*q+3))))*x“Z,x],x] /5
FreeQ[{a,b,c,d,e,f,A,C,q},x| && NeQ[b"2-4xaxc,0] && NeQ[e"2-4xdxf,0] && GtQ[p,0] & NeQ[p+q+1,0] & NeQ[2xp+2xq+3,0] & Not[IGtQ[p,0]] && Not[Il
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Int[(a_+C_.*x_"2)"p_x(d_+e_.*x_+f_.#x_"2)~q_* (A_.+B_.*x_+C_.*x_"2),x_Symbol] :=
(B*c*f*(z*p+2*q+3)+c*(—c*e*(2*p+q+2))+2*c*c*f*(p+q+1)*x)*(a+c*xA2)Ap*
(d+e*x+f*x“2)“(q+1)/(2*c*fA2*(p+q+1)*(2*p+2*q+3)) -
(1/(2*C*f“2*(p+q+1)*(2*p+2*q+3)))*
Int[(a+c*xA2)A(p—1)*(d+e*x+f*xA2)Aq*
Simp [px (-axe) # (Cx (cxe) # (q+1) -Cx (Cxe-Bxf) x (2xp+2#q+3) ) +
(p+q+1)*(a*c*(C*(Z*d*f—eAZ*(Z*p+q+2))+f*(B*e—Z*A*f)*(Z*p+2*q+3)))+
(Z*p*(C*d—a*f)*(C*(C*e)*(q+1)—C*(C*e—B*f)*(Z*p+2*q+3))+
(p+q+1)*(C*e*f*p*(—4*a*c)))*x+
(p*(C*e)*(C*(c*e)*(q+1)—c*(c*e—B*f)*(2*p+2*q+3))+
(p+q+1)*(C*fAz*p*(—4*a*c)—cA2*(C*(eA2—4*d*f)*(2*p+q+2)+f*(2*c*d-B*e+2*A*f)*(2*p+2*q+3))))*xAz,x],x] /5
FreeQ[{a,c,d,e,f,A,B,C,q},x]| && NeQ[e"2-4xd+f,0] 8& GtQ[p,0] & NeQ[p+q+1,0] & NeQ[2#p+2xq+3,0] && Not[IGtQ[p,0]] & Not[IGtQ[q,0]]

Int[(a_+c_.*x_“2)“p_*(d_+e_.*x_+f_.*x_“2)“q_*(A_.+C_.*X_“2),X_Symbol] =
(C# (~cxex (24p+q+2) ) +2%CxCxfx (P+q+1) #X) # (a+C#X"2) "px (d+exx+Frxn2)~ (q+1)/(2*c*f"2* (P+Q+1) * (2%p+2%q+3) ) -
(1/(2*C*f“2*(p+q+1)*(2*p+2*q+3)))*
Int[ (a+c*x2) A (p-1) » (d+exx+Fxx"2) ~qx
Simp[p*(—a*e)*(C*(c*e)*(q+1)—c*(C*e)*(Z*p+2*q+3))+(p+q+1)*(a*c*(C*(2*d*f—e“2*(2*p+q+2))+f*(—2*A*f)*(2*p+2*q+3)))+
(Z*p*(C*d—a*f)*(C*(C*e)*(q+1)—C*(C*e)*(2*p+2*q+3))+(p+q+1)*(C*e*f*p*(—4*a*c)))*x+
(p*(c*e)*(c*(c*e)*(q+1)-c*(C*e)*(Z*p+2*q+3))+
(p+q+1)*(C*f“Z*p*(—4*a*c)—CAZ*(C*(e“2—4*d*f)*(2*p+q+2)+f*(2*C*d+2*A*f)*(2*p+2*q+3))))*x“2,x],x] /5
FreeQ[{a,c,d,e,f,A,C,q},x| & NeQ[e~2-4xd+f,0] & GtQ[p,0] && NeQ[p+q+1,0] && NeQ[2xp+2xq+3,0] && Not[IGtQ[p,0]] && Not[IGtQ[q,0]]
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Int[ (a_+b_.*X_+C_.*x_"2)"p_ (d_+f_.#x_"2)~q_* (A_.+B_.*x_+C_.*x_"2),x_Symbol] :=
(B*C*f*(Z*p+2*q+3)+C*(b*f*p)+2*C*C*f*(p+q+1)*x)*(a+b*X+C*xA2)Ap*
(d+f*x“2)A(q+1)/(2*C*fA2*(p+q+1)*(2*p+2*q+3)) -
(1/(2*c*fA2*(p+q+1)*(2*p+2*q+3)))*
Int[(a+b*x+c*xA2)A(p—1)*(d+f*xA2)Aq*
Simp[p*(b*d)*(C*(—b*f)*(q+1)—C*(—B*f)*(Z*p+2*q+3))+
(p+q+1)*(bAZ*C*d*f*p+a*c*(C*(Z*d*f)+f*(—2*A*f)*(2*p+2*q+3)))+
(Z*p*(C*d—a*f)*(C*(—b*f)*(q+1)—C*(—B*f)*(2*p+2*q+3))+
(p+q+1)*(—b*C*(C*(—4*d*f)*(2*p+q+2)+f*(2*C*d+2*A*f)*(2*p+2*q+3))))*x+
(p*(—b*f)*(C*(—b*f)*(q+1)—c*(—B*f)*(Z*p+2*q+3))+
(p+q+1)*(C*fAz*p*(bA2—4*a*c)—cAz*(C*(—4*d*f)*(2*p+q+2)+f*(2*C*d+2*A*f)*(2*p+2*q+3))))*xA2,x],x] /5
FreeQ[{a,b,c,d,f,A,B,C,q},x]| && NeQ[b*2-4xaxc,0] && GtQ[p,0] & NeQ[p+q+1,0] & NeQ[2#p+2xq+3,0] && Not[IGtQ[p,0]] & Not[IGtQ[q,0]]

Int[(a_+b_.*x_+c_.*x_“2)“p_*(d_+f_.*x_“2)“q_*(A_.+C_.*X_“2),X_Symbol] =
(C*(b*f*p)+2*C*C*f*(p+q+1)*x)*(a+b*x+C*xA2)Ap*
(d+f*xA2)A(q+1)/(2*c*fA2*(p+q+1)*(2*p+2*q+3)) -
(1/(2*c*fA2*(p+q+1)*(2*p+2*q+3)))*
Int[(a+b*x+c*x“2)“(p—1)*(d+f*x“2)“q*
Simp[p*(b*d)*(C*(—b*f)*(q+1))+
(p+q+1)*(bAZ*C*d*f*p+a*c*(C*(Z*d*f)+f*(—2*A*f)*(2*p+2*q+3)))+
(Z*p*(c*d—a*f)*(C*(—b*f)*(q+1))+
(p+q+1)*(—b*c*(C*(-4*d*f)*(2*p+q+2)+f*(2*C*d+2*A*f)*(2*p+2*q+3))))*x+
(p*(—b*f)*(C*(—b*f)*(q+1))+
(p+q+1)*(C*fAZ*p*(bA2—4*a*c)—cAZ*(C*(—4*d*f)*(2*p+q+2)+f*(2*c*d+2*A*f)*(2*p+2*q+3))))*xAz,x],x] /5
FreeQ[{a,b,c,d,f,A,C,q},x] & NeQ[b*2-4xaxc,0] & GtQ[p,0] && NeQ[p+q+1,0] && NeQ[2xp+2xq+3,0] && Not[IGtQ[p,0]] && Not[IGtQ[q,0]]

A+Bx+Cx?
6: J dx whenb?-4ac#0 A e>-4df+0 A c2d’-bcde+ace?+b?df-2acdf-abef+a’?f?#0
(a+bx+cx?) (d+ex+fx?)

Derivation: Algebraic expansion

Basis:Letq > c?d’-bcde+ace?+b*df-2acdf-abef+a?f? then AsBxaCx

(a+bx+cx?) (d+e x+f x?) =

13



Rules for integrands of the form (a+b x+c x~2)"p (d+e x+f x"2)"q (A+B x+C x"2)

1 <Ac2dfach—Abce+che+Ab2Ff

q (a+bx+c x?)
abBf-aAcf+a’Cf+c(Bcd-bCd-Ace+aCe+Abf-aBf) x] +

m(chz—Bcde+Ace2+de1’:—Ach—aCdf—Abef+

aAf?-f (Bcd-bCd-Ace+aCe+Abf-aBf) x|

Rule1.2.1.7.6:1f b>-4ac+0 A e’ -4df+0,letq>c?d’-bcde+ace?+b*’df-2acdf-abef+a%fif

g + 0, then
A+Bx+Cx?
J‘ dx —

(a+bx+cx2) (d+ex+-Fx2)
1 1 2 2 2
—J—Z(Ac d-acCd-Abce+aBce+Ab’f-abBf-aAcf+a Cf+c(Bcd—de—Ace+aCe+Ab-F—aB-F) x) dx +
qJa+bx+cx
1 1 2 2 2
—J—Z(ch -Bcde+Ace’+bBdf-Acdf-aCdf-Abef+aAf’-f(Bcd-bCd-Ace+aCe+Abf-aBf)x)dx
qJd+ex+fx

Program code:

Int[(A_.+B_.*X_+C_.*x_“2)/((a_+b_.*x_+c_.*x_“2)*(d_+e_.*x_+f_.*x_“2)),X_Symbol] B=
with[{q=cA2*dA2—b*c*d*e+a*c*eA2+bA2*d*f—2*a*C*d*f-a*b*e*f+a“2*fA2},
1/q*Int[(A*cAz*d—a*c*C*d—A*b*c*e+a*B*c*e+A*bA2*f—a*b*B*f—a*A*c*f+aA2*C*f+

c*(B*c*d—b*c*d—A*c*e+a*C*e+A*b*f—a*B*f)*x)/(a+b*x+c*xA2),x] +
1/q*Int[(c*C*dAZ—B*C*d*e+A*C*eA2+b*B*d*f—A*c*d*f—a*C*d*f—A*b*e*f+a*A*f“2—
f*(B*c*d—b*C*d—A*c*e+a*C*e+A*b*f—a*B*f)*x)/(d+e*x+f*xA2),x] /5
NeQ[q,@1] /;
FreeQ[{a,b,c,d,e,f,A,B,C},x]| && NeQ[b*2-4xaxc,0] && NeQ[e"2-4xd«f,0]

Int[(A_.+C_.*x_“2)/((a_+b_.*x_+c_.*x_“2)*(d_+e_.*x_+f_.*x_“2)),x_Symbol] 5=
with[{q=cA2*dA2—b*c*d*e+a*c*eA2+bA2*d*f—2*a*C*d*f-a*b*e*f+aA2*fA2},
1/q*Int[(A*cAZ*d—a*c*C*d—A*b*c*e+A*bA2*f—a*A*c*f+aA2*c*f+

c*(—b*C*d—A*c*e+a*C*e+A*b*f)*x)/(a+b*x+c*x“2),x] +
1/q*Int[(c*C*dA2+A*c*eAZ—A*c*d*f—a*c*d*f—A*b*e*f+a*A*fA2—
f*(—b*C*d—A*c*e+a*C*e+A*b*f)*x)/(d+e*x+f*xA2),x] /5
NeQ[q,01] /;
FreeQ[{a,b,c,d,e,f,A,C},x| & NeQ[b*2-4xaxc,0] & NeQ[e~2-4xd+f,0]



Rules for integrands of the form (a+b x+c x~2)"p (d+e x+f x"2)"q (A+B x+C x"2)

Int[(A_.+B_.#x_+C_.*x_"2) /((a_+b_.#x_+c_.*x_"2) % (d_+f_.+x_"2)),x_Symbol] :=
With [{q=c"2*d"2+b"Z*d*'F—Z*a*c*d*‘F+a"2*'F"2},
1/q*Int[(A*cAZ*d—a*c*C*d+A*bAZ*f—a*b*B*f—a*A*C*f+aA2*C*f+C*(B*C*d—b*C*d+A*b*f—a*B*f)*x)/(a+b*x+C*x“2),x] +
1/q*Int[(c*C*d“2+b*B*d*f—A*c*d*f—a*c*d*f+a*A*fA2—f*(B*c*d—b*c*d+A*b*f—a*B*f)*x)/(d+f*xA2),x] /3

NeQ[q,@]] /;

FreeQ[{a,b,c,d,f,A,B,C},x| & NeQ[b*2-4+axc,0]

Int[(A_.+C_.*x_"2)/((a_+b_.#x_+C_.*x_"2)*(d_+f_.*x_"2)),x_Symbol] :=
with[{q:cAZ*dA2+bA2*d*f—Z*a*C*d*f+aA2*fA2},
1/q*Int[(A*cAZ*d—a*c*C*d+A*bAZ*f—a*A*c*f+aA2*C*f+c*(—b*c*d+A*b*f)*x)/(a+b*x+c*xA2),x] +
1/q*Int [ (c*C*d"Z—A*c*d*f—a*C*d*'F+a*A*'F"2—'F* (—b*C*d+A*b*'F) *x)/(d+‘F*x"2) ,x] /3

NeQ[q,0]] /;
FreeQ[{a,b,c,d,f,A,C},x] & NeQ[b"2-4+axc,O]
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Rules for integrands of the form (a+b x+c x~2)"p (d+e x+f x"2)"q (A+B x+C x"2)

A+Bx+Cx?
7: dx whenb?-4ac#0 A e2-4df#0

a+bx+c x2) Vd+ex+fx?

Derivation: Algebraic expansion

Basis: A+B x+C x? .- € + Ac-aC+(Bc-bC) x
a+b x+c x? c c (a+bx+c xz)
Rule1.2.1.7.7:1f b>-4ac +0 A e2-4df # 0, then

J“ A+Bx+Cx2 C 1 1 Ac-aC+ (Bc-bC) x
dx — _Nf____________dX*-_

(a+bx+cx2)\/d+ex+-Fx2 ClvVdrex+fx? c (a+bx+cx2)\/d+ex+1:x2

Program code:

Int[(A_.+B_.#x_+C_.*x_"2) /((a_+b_.#x_+c_.+x_"2) +Sqrt[d_.+e_.+x_+f_.*x_"2]),x_Symbol] :=
C/cxInt[1/Sqrt[d+esx+Ffxx 2],x] +
1/c+Int[ (Axc-axC+ (BxC-bxC) #x) / ( (a+bxx+c*x 2) #Sqrt [d+esx+fxx"2]),x] /;
FreeQ[{a,b,c,d,e,f,A,B,C},x]| && NeQ[b*2-4xaxc,0] && NeQ[e"2-4xd«f,0]

Int[(A_.+C_.#x_"2)/((a_+b_.*x_+c_.+x_"2)#Sqrt[d_.+e_.+x_+f_.+x_"2]),x_Symbol] :=
C/cxInt[1/Sqrt[d+exx+Ffxx 2],x] + 1/c*Int[(A*c—a*C—b*C*x)/((a+b*x+c*x"2)*Sqrt[d+e*x+f*x"2]),x] /3
FreeQ[{a,b,c,d,e,f,A,C},x] & NeQ[b*2-4xa+c,0] & NeQ[e~2-4xd+f,0]

Int [ (A_. +B_.*X_+C_.*x_"2)/( (a_+C_.*Xx_"2) »Sqrt [d_. +e_.xx_+f_. *x_"Z] ) ,X_Symbol] =
C/cxInt[1/Sqrt[d+esx+fxx 2],x] + 1/c+Int[ (Axc-axC+Bxcxx)/((a+cxx2) +Sqrt[dresx+fsx~2]),x] /;
FreeQ[{a,c,d,e,f,A,B,C},x| && NeQ[e~2-4xdxf,0]

Int[(A_.+C_.#x_"2) /((a_+c_.#x_"2) Sqrt[d_.+e_.xx_+f_.+x_"2]),x_Symbol] :=
C/cxInt [l/Sqr‘t [d+e*x+f*x"2] ,x] + (Axc-axC) /cxInt [1/( (a+Ccxx"2) xSqrt [d+e*x+‘F*x"2] ) ,X] /3
FreeQ[{a,c,d,e,f,A,C},x] & NeQ[e"2-4+dxf,0]

dx
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Rules for integrands of the form (a+b x+c x~2)"p (d+e x+f x"2)"q (A+B x+C x"2)

Int[(A_.+B_.*x_+C_.*x_"2) /((a_+b_.+x_+c_.*x_"2) +Sqrt[d_.+f_.+x_"2]),x_Symbol] :=
C/cxInt [l/Sqr‘t [d+f*x"2] ,x] + 1/C*Int[ (Axc-axC+ (Bxc-bxC) *x)/( (a+bxx+cxx”"2) xSqrt [d+f*x"2] ) ,x] /3
FreeQ[{a,b,c,d,f,A,B,C},x| & NeQ[b*2-4xaxc,0]

Int[(A_.+C_.*x_"2)/((a_+b_.#x_+C_.*x_"2) +Sqrt[d_.+f_.+x_"2]),x_Symbol] :=
C/cxInt[1/Sqrt[d+f+x 2],x] + 1/cxInt[ (Axc-axC-bxCxx)/((a+bxx+cxx2) +Sqrt[d+f+x 2]),x] /;
FreeQ[{a,b,c,d,f,A,C},x] & NeQ[b"2-4xaxc,0]

S: J(a+bu+cu2)p (d+eu+fu?)? (A+Bu+Cu®) dx when u=g+hx

Derivation: Integration by substitution
Rule 1.2.1.7.S: If u == g + h x, then

J-(a+bu+cu2)”(d+eu+1‘=u2)q (A+Bu+Cu?) dx — %Subst[j(a+bu+cu2)p(d+eu+1‘=u2)q (A+Bu+Cu?)dx, x, u]

Program code:

Int[(a_.+b_.*u_+c_.*u_"2)"p_.(d_.+e_.u_+f_.#u_"2)"q_.x (A_.+B_.xu_+C_.*u_"2),x_Symbol] :=
1/Coe-F-Ficient [u,x,1] x*Subst [Int [ (a+bxX+CxXx"2) *p* (d+e*x+f*x"2) AQ* (A+BxX+CxX"2) ,x] ,x,u] /3
FreeQ[{a,b,c,d,e,f,A,B,C,p,q},x] && LinearQ[u,x] && NeQ[u,X]

Int[(a_.+b_.*u_+c_.*u_"2)"p_.x(d_.+e_.xu_+f_.xu_"2)"q_.* (A_.+B_.xu_),x_Symbol] :=
1/Coefficient[u,x,1] #Subst [Int[ (a+bxx+Ccxx"2) "px (d+exx+F+x 2) Aqx (A+Bxx) ,X],X,u] /;
FreeQ[{a,b,c,d,e,f,A,B,C,p,q},x] & LinearQ[u,x] && NeQ[u,X]

Int [ (a_.+b_.xu_+c_.*xu_"2)"p .* (d_. +e_.xu_+f_. *u_"Z) Aq_.x (A_.+C_.xu_"2) ,x_Symbol] =
1/Coefficient [u,x,1] *Subst [Int[ (a+bxX+Cxx2) Apx (d+exx+Fxx"2) Aqx (A+Cxx"2) ,Xx],x,u] /;
FreeQ[{a,b,c,d,e,f,A,C,p,q},x] && LinearQ[u,x] && NeQ[u,X]
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Rules for integrands of the form (a+b x+c x~2)"p (d+e x+f x"2)"q (A+B x+C x"2)

Int[(a_.+Cc_.#u_"2)"p_.(d_.+e_.#u_+f_.xu_"2)"q_.# (A_.+B_.»u_+C_.*u_"2),x_Symbol] :=
1/Coe-Fficient [u,X,1] *Subst [Int [ (a+C*xX"2) "p* (d+e*x+f*x"2) AgQ* (A+BxX+CxX"2) ,x] ,x,u] /3
FreeQ[{a,c,d,e,f,A,B,C,p,q},x]| && LinearQ[u,x] && NeQ[u,X]

Int[(a_.+C_.#u_"2)"p_.(d_.+e_.#u_+f_.%u_"2)"q_.*(A_.+B_.»u_),x_Symbol] :=
1/Coefficient [u,x,1] *Subst [Int[ (a+c#x"2) Apx (d+exx+Fxx"2) Aqx (A+Bxx) ,x] ,x,u] /;
FreeQ[{a,c,d,e,f,A,B,C,p,q},x]| && LinearQ[u,x] && NeQ[u,X]

Int [ (a_.+C_.*xu_"2)"p_.* (d_.+e_.*u_+f_.*u_"2) Aq_.*(A_.+C_.%xu_"2) ,X_Symbol] =
1/Coefficient [u,x,1] *Subst [Int[ (a+c*x"2) "px (d+exx+fxx"2) Aqx (A+C*x 2) ,X],X,u] /;
Fr-eeQ[{a,c,d,e,f,A,C,p,q},x] && LinearQ[u,x] &% NeQ[u,x]
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